While it is clear that in some kinematic regime QCD can be described by an effective (as opposed to fundamental) string theory, it is not at all clear how this string theory should be. The 'natural' candidate, the bosonic string, leads to amplitudes with the usual problems related to the existence of the tachyon, absence of the adequate Adler zero, and massless vector particles, not to mention the conformal anomaly. The supersymmetric version does not really solve most of these problems. For a long time it has been believed that the solution of at least some of these difficulties is associated to a proper identification of the vacuum, but this program has remained elusive. We show in this work how the first three problems can be avoided, by using a sigma model approach where excitations above the correct (chirally non-invariant) QCD vacuum are identified. At the leading order in a derivative expansion we recover the non-linear sigma model of pion interactions. At the next-to-leading order the O(p 4 ) Lagrangian of Gasser and Leutwyler is obtained, with values for the coefficients that match the observed values. We also discuss some issues related to the conformal anomaly.
Introduction
It seems that a paper with this title should necessarily start with a list of the reasons that make us believe that there should be an effective description of QCD in terms of strings [1] .
The more commonly cited arguments are the dominance of planar diagrams in the large N limit [2] 'filling in' a surface (interpreted as the world-sheet of a string), the expansion in terms of surfaces built out of plaquettes in strong-coupling lattice QCD [3] , and the success of Regge phenomenology [4] , which can ultimately be understood in terms of string theory ideas (although, as we will discuss a little bit later, the actual Regge theory that corresponds to QCD cannot be derived, at present, from any known string theory).
To these we could add two more reasons. One is the appearance in string theory of the universal (at long distances) Lüscher term [5] . The static interquark potential provided by the string V (r) = σr + c gets modified by quantum fluctuations by a Coulomb-like piece −π/12r. While for the heavy quark bound state calculations it is perturbative QCD (complemented with some non-perturbative corrections) that is applicable, and not the string regime, the Lüscher term is quite useful. Finally, and in a completely different context, namely that of deep inelastic scattering, the evolution of the parton distribution down to low values of Q 2 (around (2 GeV) 2 ) leads [6] to a low x behavior for the structure functions of the form x −1.17 , while Regge theory predicts x −1 , in striking good agreement.
In the last years the possibility of describing some non-abelian gauge theories in terms of string theories has become a reality thanks to the AdS/CFT relationship [7] . Unfortunately, the gauge theories that one can describe, or rather solve, in this way possess an unrealistically large number of supersymmetries. Breaking this large amount of supersymmetry to the realistic case of N = 0 while decoupling the unwanted degrees of freedom from long-distance physics has proven to be a formidable task and one in which not much success has been attained yet.
It should be clear to the reader from the very beginning that we are not addressing in this paper these deep and fundamental issues. Yet, it is clear that the mentioned theoretical developments give credence to the idea that there must be some kinematic regime where the simplest bosonic string, obtained after integrating out all the remaining degrees of freedom made heavy by the breaking of supersymmetry, must provide an approximately valid description.
In fact it is highly questionable where one should expect a string description to be exactly valid for real, non-supersymmetric, four-dimensional, asymptotically free QCD, as a string does not seem to be the natural language to understand high-energy processes in deep-inelastic scattering where the point-like structure of quarks and gluons is apparent. We should probably be less ambitious and satisfy ourselves with an effective description. We subscribe this point of view and think of strings as effective theories and not worry at all about their mathematical consistency as fundamental objects.
It is surprising that even with this limited scope all known string theories fail to provide a description of low energy QCD. To see how this comes about let us recall the original Veneziano amplitude [8] .
The original motivation for this ad-hoc formula was to provide a description of hadrons that manifestly exhibited duality. While the evidence for duality was rather weak [9] , at the time this amplitude sparked Nambu [10] to suggest that it should originate in bosonic string theory.
After decorating the Veneziano amplitude with the appropriate Chan-Paton [11] factors 1 , it is supposed to describe the scattering amplitude of four pions
A(s, t) = Γ(−α(s))Γ(−α(t)) Γ(−α(s) − α(t)) ,
where α(s) = 1 + α ′ s is the Regge trajectory. The Regge trajectory slope is determined, after a fit, to be α ′ ≃ 0.9 GeV −2 [12] We immediately recognize that there are poles in the s-channel whenever α ′ s = n − 1. Thus a tachyon is present for n = 0 and we see the first of the problems alluded to in the abstract appearing. Furthermore the second (J = 1) state (which we should identify with the rho particle) is massless. This is the second one of the problems we alluded to.
Shortly afterwards, supersymmetry was introduced in string theory [13] , but unfortunately most of the difficulties with the bosonic string are still present in supersymmetric string theory when one applies it to the present context. The relevant amplitude for our purposes is the four tachyon amplitude 2 A(s, t) = Γ(1 − α ρ (s))Γ(1 − α ρ (t)) Γ(1 − α ρ (s) − α ρ (t)) .
Now α ρ (s) = 1 + α ′ s is the so-called ρ-trajectory which in Regge theory describes exchanges of particles with positive G-parity. This is the Lovelace-Shapiro amplitude and it contains no tachyonic poles.
Could it then be a candidate to describe pion scattering? The answer is no. It does not have the appropriate Adler zero, i.e. the property that at s = t = 0 the pion scattering amplitude vanishes. And although it has no tachyons in the intermediate channel, unfortunately, the vertex which is supposed to represent the pion is a tachyon itself. Furthermore, the first resonance in the ρ-trajectory (supposed to represent the physical ρ particle ) has zero mass. All in all, one is at the same dead end.
A fix [15] to this problem consists in arbitrarily changing the intercept in α ρ (s). Indeed, if we write α ρ (s) = 1 2 + α ′ s and use eq. (3), the resulting amplitude has poles in the s or t-channel when α ′ s = n + 1 2 . It has no tachyons and the first pole, which is massive, can be identified with the ρ particle. Furthermore, the previous amplitude has the right Adler zero. Expanding this amplitude in powers of s and t and comparing with the amplitudes obtained from an effective Lagrangian, Polyakov and Vereshagin [16] found that
2 , which numerically turn out to be quite acceptable values 3 . Unfortunately, no known string theory leads to such a fix in the intercept 4 .
1 Due to difficulties with unitarity only orthogonal groups or certain representations of unitary groups can be introduced in this way. 2 In supersymmetric theories one usually performs the GSO projection [14] , projecting out the tachyon. However one may choose not to do so and compute the four-tachyon amplitude, supposed to describe scattering of spinless particles in the bosonic (Neveu-Schwarz) sector. 3 The relation L1 = 1/2L2 = −1/4L3 was established earlier in bosonization models [17] and in the chiral quark model [18] by means of a derivative expansion of quark determinant. However at that time its possible connection with a string description of QCD was not recognized. 4 It appears possible to modify to some extent the Regge trajectory for low values of J, M 2 , and hence the intercept by
It is believed that the ultimate reason for the presence of a tachyon in the spectrum lies in a wrong choice of the vacuum [22] . Since the choice of the spin zero vertex operator, V (k) =: exp ikx :, is based on the Lorentz properties alone, it is the same both for scalar and pseudoscalars and, accordingly, both scalars and pseudoscalars have tachyonic poles in the s-channel on account of parity conservation.
The situation is thus parallel to the one in multicomponent φ 4 theory with V (φ) = −µ 2 + λφ 4 , where perturbing around φ = 0 gives negative m 2 values for all components. It is natural to assume that the amplitudes obtained through the use of the canonical vertex operators correspond to (unphysical) amplitudes for excitations perturbed around the wrong, unphysical vacuum. These ideas have in fact been around for a long time, but no one appears to have implemented them in any practical way.
In a previous paper [23] by some of the present authors a possible line of attack was suggested. The idea is the following. Given that with the present string theory technology it is impossible to find the 'true' vacuum, let us assume that the vacuum is non-perturbative in string creation and annihilation operators and that it actually corresponds to the true QCD vacuum. In this case, the relevant (lightest) degrees of freedom are the ones emerging after the spontaneous breaking of chiral symmetry. In the physical vacuum of QCD there is a clear distinction between scalars (sigma particle) and pseudoscalars (pions). The sigma particle is just another hadronic resonance with a mass in the 1 GeV region and without any specially important role to play. The massless pseudoscalars, on the other hand, can be collected in a unitary matrix U (x) which under chiral transformations belonging to SU (3) L × SU (3) R transforms as U (x) → U ′ (x) = LU (x)R † and describes excitations around the non-perturbative vacuum.
From the string point of view U (x) is nothing but a bunch of couplings involving the string variable x.
Our goal is to find a consistent string propagation in this non-perturbative background.
A crucial property of string theory is, undoubtedly, conformal invariance. This amounts to demanding that the theory is independent of the specific conformal factor chosen to describe the two-dimensional world sheet. While this is a desirable and, as a matter of fact, a crucial property of fundamental strings, it might not be necessarily so for the QCD string (if we look at the QCD string with a magnifying glass we shall eventually see quarks and gluons, not the string itself!) . However in the limit of large N c the QCD hadronic amplitudes are saturated by gluon fishnet diagrams among which any higher order samples give, in principle, a comparable contribution. Thereby it appears plausible that there should be no dependence on a specific choice of configuration describing a dominating gluon propagation.
Therefore the hadronic string action should obey reparameterization invariance of diagram surfaces and conformal invariance. Since conformal invariance must hold when perturbing the string around any vacuum, perturbative or not, we have a powerful tool at our disposal, namely to couple the chiral field U (x) to the string degrees of freedom and demand conformal invariance. Exactly in the same way as Einstein equations are derived from string theory [24] by requiring the vanishing of the beta function for an external metric G µν (x).
This approach was followed in [23] with mixed success. The lowest order chiral Lagrangian, or rather the equations of motion coming from it, were obtained and the whole approach seemed consistent.
adding additional terms in the string action, rigidity, for instance [19, 20] or imposing constraints on the string motions [21] .
However spectroscopy suggest that while such terms might exist they are probably of limited influence. Moreover the conformal invariance of a modified string becomes questionable.
Unfortunately, the O(p 4 ) coefficients were identically zero. Experimentally these are numbers of order 10 −3 . We have now found out the reason for this failure. It turns out that the action considered in [23] is only a particular case of the general case, and one that does not allow a proper treatment of the unitarity condition of the external source U (x). When the general case is considered, unitarity and locality can be implemented consistently -at least at the order we have worked-and, as a consequence of the new terms in the action, new divergences and hence new contributions to the beta function for U (x) appear. These lead to O(p 4 ) terms in the effective Lagrangian. These are the results we would like to report here.
Coupling pions to the QCD string
The hadronic string in the conformal gauge is described by the conformal field theory action in the four dimensional Euclidean space-time 5
where for ǫ = 0 one takes
The conformal factor ϕ(τ, σ) is introduced to restore the conformal invariance in 2 + ǫ dimensions, and this is the only way it enters the theory. The Regge trajectory slope (related to the inverse string tension) is known to be universal α ′ ≃ 0.9 GeV −2 [12] .
We would like to couple in a chiral invariant manner the matrix in flavor space U (x) containing the meson fields to the string degrees of freedom while preserving general covariance in the two dimensional coordinates and conformal invariance under local scale transformations of the two-dimensional metric tensor. The equations of motion for the U (x) field will then be obtained from the condition that the quantum theory must be conformally invariant, i.e. the β functional for the U (x) couplings must vanish.
Since the string variable x does not contain any flavor dependence, we have to invent a way to couple it to the background U (x) variable. We introduce two dimensionless Grassmann variables ('quarks'), or rather several families of them, living on the boundary of the string sheet: ψ L (τ ), ψ R (τ ) which transform in the fundamental representation of the light flavor group (SU (2) in the present paper). A local hermitean action S b = dτ L f is introduced on the boundary σ = 0 to describe the interaction with background chiral fields U (x(τ )) = exp(iπ(x)/f π ) where the normalization scale f π ≃ 93M eV , the weak pion decay constant, is introduced to relate the field π(x) to a π-meson one.
The boundary Lagrangian is chosen to be reparameterization invariant and in its simplest minimal form reads
herein and further on a dot implies a τ derivative:ψ ≡ dψ/dτ . In order to arrive to eq. (5) A further restriction is obtained by requiring CP invariance. There are two CP -like transformations.
The first one is
The above Lagrangian is CP symmetric for z = −z * = ia. The second one is
Under this transformation the Lagrangian becomes invariant only for z = 0. We interpret the first CP transformation as the physical one and the one which one should require of a Lagrangian describing strong interactions.
The above coupling may appear surprising at first and somewhat ad-hoc. To see that this is not so, let us expand the non-linear field U (x), i.e. U (x) ≃ 1+iπ(x)/f π +... and retain the first two terms. The first term just gives rise to a θ-function propagator which eventually leads to the familiar ordering in the usual string amplitudes t 1 < t 2 < ..... The second term just provides (after integrating the fermions out) the usual (tachyonic!) vertex. In short, if we ignore the non-linearities in the theory we are back to the usual difficulties.
It is easy to see that the previous action is invariant under general coordinate transformations of the two dimensional world sheet. The fermion action is automatically conformally invariant, because it does not contain the two dimensional world sheet metric tensor since it can be written as a line integral.
In [23] the cases z = ±1 were considered. None of them is a valid one on symmetry grounds.
Diagrammar
Now we expand U (x(τ )) around a constant background x 0 and look for the potentially divergent one particle irreducible diagrams (1PI). We classify them according to the number of loops. Each additional loop comes with a power of α ′ .
We expand the function U (x) in powers of the string coordinate field x µ (τ ) = x 0µ +x µ (τ ) around a constant x 0 which is the translational zero mode of the string
One can find a resemblance to the familiar derivative expansion of chiral perturbation theory. Indeed perturbation theory in the operators (8) makes sense as a low momentum expansion which is presumably valid up to momenta approaching to the mass of the first massive resonance (ρ meson etc.). In the present case α ′ is the dimensional parameter normalizing the above expansion.
The free fermion propagator is
If we impose CP symmetry then
for unitary chiral fields U (x).
The free boson propagator projected on the boundary is
the latter results hold in dimensional regularization (see below).
In order to make contact between dimensional regularization, a short-distance cut-off (which we shall later use) and Regge phenomenology we need to unambiguously fix the normalization of the string
propagator. This can be inferred from the definition of the kernel of the N-point tachyon amplitude
for the open string [28] . The Veneziano amplitude corresponds to the insertion of vertex operators : exp(ik
: on the boundary of the string. After resolution of the Gaussian integral one obtains for the kernel of the generalized beta-function
which unambiguously prescribes
The µ dependence does not show up in (12) due to energy-momentum conservation.
Keeping in mind this definition let us determine the string propagator in dimensional regularization, restricted on the boundary. First we calculate the momentum integral in 2 + ǫ dimensions
A dimensionally regularized propagator properly normalized to reproduce (13) can be constructed by subtracting from (14) its value at τ µ = 1 where (13) should vanish
Therefrom one finds unambiguously the relation
where in the spirit of dimensional regularization we have assumed that ǫ < 0 and hence the first term in (15) vanishes at τ = 0.
The two-fermion, N -boson vertex operators are generated by the expansion (8) 
and for the R → L transition the hermitean conjugated vertex V + appears. The corresponding Feynman rule for the 2-fermion, N-boson vertex of the L → R transition is From this point on it is quite straightforward to proceed with the renormalization process. We shall determine the counterterms required to make the beta functional for the coupling U (x) vanish up to the two loop level. In spite of the relative complexity of the Feynman rules, the fact that we are working with a boundary field theory is crucial in making the calculation manageable. In fact most diagrams can be determined by simply playing with integration by parts and using basic properties of the Dirac delta function. Yet the renormalization is quite non-trivial and the ultraviolet structure of the counterterms is surprisingly quite complex. It is thanks to this complexity that non-zero values for the O(p 4 ) coefficients can be obtained. In fact we believe that some of the results presented in this work can have some bearing on more general discussions involving fundamental strings too.
In what follows we retain not only the singular parts of one-loop diagrams but also the finite ones as they will be necessary to construct two-loop diagrams.
Renormalization of the fermion propagator at one loop
To avoid clutter the main body of the paper we have relegated the detailed derivation of the different Feynman diagrams to the appendices. Since the present calculation is somewhat non-standard, we provide the technical details there.
Using the set of Feynman rules described in the previous section one arrives to the following result for the divergent part of the propagator (Appendix B),
This divergence is eliminated by introducing an appropriate counterterm U → U + δU
Conformal symmetry is restored (the beta-function is zero) if the above contribution vanishes.
Let us find out for which value of z this variation of U is compatible with its unitarity.
A simple calculation shows that this takes place for z = ±i. For other values of z eq. (20) entails
which has only a trivial constant solution in Euclidean space-time. In [23] this value of z was not considered and thus unitarity of U was not properly taken into account.
When z = ±i and before the unitarity constraints are imposed the local classical action which has (20) as equation of motion is
For other values of z = ±1; ±i the related local action is unknown. The above Lagrangian is of course the well known non-linear sigma model which is commonly employed to describe pion interactions.
We have thus succeeded in finding the action induced by the QCD string. It has all the required properties of locality, chiral symmetry and proper low momentum behavior (Adler zero). Furthermore, it describes massless pions. f π , the overall normalization scale, cannot be predicted from these arguments.
To this point we have been quite successful in our program, but of course no real predictivity has
been achieved yet. Indeed we knew the form of this action from general principles, even though it is nice to see that things work out consistently. We have to turn to the O(p 4 ) effective Lagrangian to get non-universal results.
Renormalization of the vertices at one loop
In order to proceed to a two loop calculation we shall need in addition to the counterterms for the one-loop propagator (which we just got) the counterterms for the vertex with two fermion lines and one and two boson lines, x µ , respectively. We also have to check whether the minimal Lagrangian (5) is sufficient to renormalize also the vertices. It turns out that, in fact, it is not.
Let us obtain the divergences for vertices with external boson lines. We introduce an external background boson fieldx µ to describe vertices with several boson legs and split x µ =x µ + η µ . The free propagator for the fluctuation field η µ coincides with the one for x µ .
Then the total divergence in the vertex with two fermions and one boson line is (see Appendix C)
Let us now amputate the fermion legs and evaluate the pure vertex divergences. The amputation rules
Then the divergent part (23) can be reproduced by the following operator in the Lagrangian
where the vertex matrices Φ
(1,2) µ can be rearranged as follows
The terms proportional to derivatives of δU are automatically eliminated by the redefinition of U that one performs to renormalize the one-loop propagator (and it of course vanishes if the equations of motion are imposed). But the part proportional to φ µ remains and to absorb these divergences new counterterms are required. Evidently, these terms come out of the following terms in the Lagrangian:
Therefore the counterterms required to eliminate the additional divergences for the vertex with one boson and two fermion lines can be parameterized with three bare constants g 1 , g 2 and g 3 , which are real if the CP symmetry for z = −z * holds
Renormalization is accomplished by redefining the couplings g i in the following way
The constants g i,r are finite, but in principle scheme dependent, and from (16) it follows that a logarithmic dependence of the bare couplings on the conformal factor ϕ is introduced along the renormalization process. The counterterms are of higher dimensionality than the original Lagrangian (5) and therefore the couplings g i are of dimension M −2 . Since (5) was actually the most general coupling permitted by the symmetries of the model, in particular conformal invariance, one is lead to the conclusion that conformal symmetry is broken, already at tree level, by these couplings, unless they happen to vanish.
Since they are dimensional, it is natural to normalize them by the only dimensional parameter, namely
Even if the new couplings are dimensional, it turns out that at the order we are computing, the trace of the energy-momentum tensor is still vanishing once the requirements of unitarity of U are taken into account (see Appendix D) and therefore conformal invariance is not broken at the order we are working. At higher orders in the α ′ expansion further counterterms may be however required in order to ensure conformal invariance perturbatively. We postpone a more detailed discussion to the final sections.
One can introduce the running "effective" couplings
One-loop conformal invariants are g
At any rate, the dependence of the new couplings on the Liouville mode is determined.
In any case, the appearance of new vertices changes the fermion propagator due to the diagrams discussed in Appendix E. One obtains from such terms (which are of higher order in derivatives) the following contribution to the propagator
we shall denote this contribution by θ(A − B)d g . One should add the divergence contained in d g to the one-loop result, thereby modifying the U field renormalization and equations of motion
This is, in fact, the source of the much sought after O(p 4 ) terms.
We note that this new contribution (31) is proportional to 1 − z 2 and it was thus absent in [23] .
At this point we have to ask whether such equation of motion may be derived from a local effective Lagrangian containing both dimension 2 and dimension 4 operators. This would then constitute the effective Lagrangian derived from the string model. However at this point this question is too premature to formulate. Two-loop diagrams generated from (5) could certainly produce similar contributions and, as a matter of fact, so could new counterterms from diagrams with two fermions and two boson lines, should they require an additional counterterm. In fact it can be seen that the above equation of motion cannot be derived from a local Lagrangian involving the unitary matrix U . The requirements of locality and unitarity would force g j,r = 0, so this should not be the full answer.
Before concluding this section and moving to the other contributions we have just mentioned, we calculate the renormalization of the vertex with two fermion and two boson lines, as this is also required as a counterterm. Let us summarize the divergent structure for these diagrams (see Appendix F)
where
One can check that the terms encoded in φ µν , together with the last contribution in eq.(33) combine precisely as a second variation of the additional interaction vertices (27) in coordinate fields. Therefore their renormalization is completely performed with the help of counterterms (28) and no additional counterterms or operators appear.
It can also be seen that, in fact, any diagram with an arbitrary number of external boson lines and two fermion lines, i.e. any vertex of those generated by the perturbative expansion of (5) is rendered finite by the previous counterterms. This completes the renormalization program at one loop.
The fermion propagator at two loops
The two-loop contributions to the fermion propagator can be obtained from one-loop diagrams with two external boson legs by joining the latter with a boson propagator. A factor 1/2 has to be added.
One must include not only one-particle irreducible diagrams but also one-particle reducible ones and consider both divergent and finite parts.
There are 10 two-loop diagrams which are listed in Appendix G. The divergences in the propagator at two-loops can be presented separated into five pieces
The first and second piece contain the double divergence ∆ 2 (0), the third, fourth and fifth pieces reveal only a single divergence ∆(0). Finite parts are irrelevant for the present discussion.
The component d I represents "the second variation", or one-loop divergence in the one-loop diver-
µρ − −µρ Table 1 : Chiral field structures proportional to the double divergence ∆ 2 (0) appearing in the two loop contribution to the fermion propagator.
Therefore it is renormalized away by the redefinition of the U field and vanishes when the equations of motion are imposed. The counterterms renormalizing U field yield the same expression but twice more and of the opposite sign. Thus the result is −d I in correspondence with the results of [23] (for z = 1 they coincide). This is all that was obtained in that work. In particular no single-pole, ∆(0) appeared and therefore no new equations were obtained at the two loop level. Accordingly, the coefficients of the O(p 4 ) coefficients were deemed to vanish. This will not be the case here.
The second part represents the remaining terms of order ∆ 2 (0) in two loop diagrams after subtraction of d I and it reads
This term is identical, but of opposite sign, to the contributions generated by the one-loop counterterm in the vertex with two fermions and one boson line, after its insertion in a one-loop diagram (see
Appendix E).
To summarize, we show in Table 1 
In d III we include those single-pole divergences, proportional to ∆(0), which are removed once the one-loop renormalization of U in the finite nonlocal part of fermion propagator at one loop (see, eq.(55)) CF structure
(1−z 2 )(1+z) 2 16
(1−z 2 )(1−z) 2 16
(1−z 2 )(3−z 2 ) 8 Table 2 : Summary of single divergences ∆(0) which are eliminated after the introduction of the one-loop counterterms.
is taken into account, that is when we replace U by U + δ (2) U in the one-loop propagator
Likewise in d IV we include the divergences that are eliminated when the additional counterterms in the one-boson vertices (those proportional to g i ) are included in the finite part of the one-loop fermion propagator (the terms proportional to ∆(A, B) in eq.(67)).
One can check that all terms in the two loop fermion propagator linear in ∆(0) and in ∆(A, B) belong either to d III or to d IV . We present them in Table 2 . Thus one-loop renormalization removes d III and
Some single-pole divergences remain however. Indeed, there are some divergences linear in ∆(0) which come from the double integral in the diagrams of Appendix G, (84) and (86),
In Appendix H this integral is calculated using two different regularizations. The divergence is found to be coefficients.
CF structure 
The terms
which are in principle possible are reduced to the set (41) with the help of integration by parts in the action and of the dimension-two equations of motion (20) .
Variation of the previous Lagrangian gives the following addition to the equations of motion
Let us now apply the O(p 2 ) equations of motion to remove the Laplacian on chiral fields ∂ 2 µ U . Then one obtains the set of coefficients for the various chiral field structures given in Table 3 . These coefficients to be determined are then compared with the results obtained from the coefficients of the one-loop and two-loop single-pole divergences (see (31) and (40)). For z 2 = −1 only one solution is possible, implying
Thus, comparing eq. (41) with the usual parameterization of the Gasser and Leutwyler Lagrangian [30] ,
For α ′ = 0.9 GeV −2 and f π ≃ 93 MeV it yields L 2 ≃ 0.9 · 10 −3 which is quite a satisfactory result [31] .
So far we have paid no attention to the unitarity of U at the two-loop level. 
Thus the requirement to preserve unitarity under field renormalization is entirely equivalent to the local integrability condition, similarly to the case of dimension-two operators. This is a remarkable result that hints to the consistency of the whole procedure.
Conclusions: conformal invariance and all that
Conformal invariance is a subtle issue. As we have discussed in detail in the introduction this is a necessary ingredient for the consistency of string theory and it is, according to general principles of field theory, equivalent to requiring the vanishing of the beta functions.
There are several sources of breaking of conformal invariance in the present model. We have been However, this ambiguity is of no relevance. The requirements of locality and unitarity seem to restrict the 'measurable' value of g i,r to specific, well determined values. If one changes the renormalization scheme by a finite amount δ, the 'measurable' couplings will all change by the same amount tō g i,r = g i,r + δ, but it is this last quantity the one that will then appear in the equations of motion and will be related to c V , which is universal, so this change of scheme is immaterial.
Furthermore, the renormalized couplings g i,r are conformal factor independent, so the relations determined in the previous section hold in any conformal frame and so are the values for the O(p 4 ) coefficients of the chiral Lagrangian. This is of course in full agreement with general considerations based in QCD and chiral Lagrangians (in the large N limit, that is, where the string picture is supposed to hold).
In [23] a general, but tentative, argument (based in conformal invariance) was given that, if valid, would imply the vanishing of the O(p 4 ) coefficients to all orders in the inverse string tension. Here the argument simply fails because the additional couplings which are required to renormalize the model are dimensional. These couplings were not considered in [23] because the need for additional counterterms was not manifest along the renormalization process due to the (incorrect) choice of the value of z.
Of course this immediately raises a new issue. The new counterterms seem to entail a breakdown of 'classical' conformal invariance. Indeed, introducing the coupling g i , which are of dimension M −2 makes the action non-conformally invariant already at the classical level, in a way that is similar to the introduction of a coupling to the tachyon in the familiar bosonic string theory. Although the issue is somewhat independent of the equations of motion for the matrix field U (x) we have to give an answer to this difficulty if conformal invariance is to hold.
To demand conformal invariance in the string-mode sector, we have to guarantee the vanishing of the trace of the energy momentum tensor. This issue can be discussed in several ways, but let us proceed to determine the trace of the energy momentum tensor. On general grounds we can write
where β i is the beta function for the i-th coupling and O i the accompanying operator. Then, when computing the trace of the energy momentum tensor, the part of the tensor bilinear in fermion fields leads to a contribution that contains operators of the form (28) with their couplings g i replaced by the appropriate beta functions. These beta functions contain a classical, purely engineering, part as well as a quantum one, which has been computed in the text, and which is the same for all couplings g i .
In the string-mode sector their contribution is given by the averaging over the fermion vacuum and it vanishes according to the arguments presented in the Appendix D. There is no a fermion induced string action when the CP symmetry (6) holds. Thus the presence of conformally non-invariant interaction on the boundary does not affect conformal symmetry in the bulk.
Throughout this paper we have systematically used conventional perturbation theory and the fermion loop expansion which however may be more cumbersome when one proceeds to the vertices with larger number of emitted bosons and to higher orders in the loop expansion. As an alternative, direct functional methods can be developed, an example of which is displayed in the Appendix K. This approach can be also exploited to show how to go ahead without fermions and so bypassing the potential problems related to breakdown of conformal anomaly since it allows a formulation where the 'quarks' are integrated out. Doing so apparently removes any conformal anomaly present in the boundary as we just discussed.
On the other hand, at some point we do expect a genuine breakdown of conformal invariance. This is so because of the conformal anomaly that the bosonic string theory must necessarily exhibit. In fact, this breakdown (tantamount to introducing a scale dependence) is quite welcome as we do not expect the simple string picture presented here to be even approximately true at very short distances (even within the large N limit). The naive bosonic string action used in the present paper does not prevent large Euclidean world sheets from crumpling [32] . It does not also describe correctly the high-temperature behavior of large N QCD [33] .
According to by now common lore [34] , the dependence on the conformal factor has to be understood in terms of the renormalization group flow. This dependence has not been worked out in detail, but it would be feasible to take it into account perturbatively in a way not too different from standard sigma model calculations in string theory by including dilaton, spin two, etc. backgrounds. The dilaton beta function precisely contains the d − 26 term characteristic of the anomaly. At some order in the α ′ and topological expansion there would appear a coupling between the dilaton and the chiral fields through the exchange of x string variables. It would be interesting how the hadronic degrees of freedom can modify the anomaly condition, if at all.
A QCD induced string action may also include nonlocal [35, 36, 37] or, at least, higher-derivative [38] vertices breaking manifestly conformal symmetry which help to make the strings smooth and supply the correct high-temperature asymptotics. However, as we are concerned here with the low-energy string properties we do not expect that the strategy and technique to derive the chiral field action needs any significant changes to be adjusted to a modified QCD string action. The only changes may come out from the short distance behavior of the modified string propagator.
Finally we enumerate some of the simplifications and missing points of the approach undertaken in the present paper.
1) From the beginning we have restricted ourselves to the SU (2) global flavor group. The reason is that only parity-even terms in the equations of motion can be revealed from the simple fermion Lagrangian (5). As it is supposed that all relevant meson degrees of freedom are reproduced by the hadronic string one cannot expect the appearance of multi-fermion interaction which may effectively arise only due to heavy-mass reduction of glueballs and hybrids suppressed in the large N limit. Then the only way to obtain the parity-odd Wess-Zumino-Witten terms is to supplement one-dimensional fermions with spinor degrees of freedom, i.e., for instance, to add reparameterization invariant vertex
with Dirac matrices γ µ and new dimensional constant ξ. This extension will be investigated elsewhere.
2) One can easily add external electromagnetic fields and thereby calculate also the chiral constants 3) Going back to the possibility of higher derivative [38] or nonlocal [35, 36, 37] or five-dimensional [39, 34] action for the hadronic string, we find it interesting to explore the traces of deviations from the conformal string theory in low-energy chiral constants and phenomenology. Including the running of the O(p 4 ) coefficients would however require the introduction of 1/N corrections. We do not know if the string picture can be consistently implemented when subleading corrections are taken into account.
4)
As we have mentioned in this section -and emphasize here once more-the conformal anomaly can hopefully be taken into account consistently within the present approach, but he have not really attempted to do so in this present work. This is a major challenge that we leave for the future.
5) The value for the coefficients of O(p 4 ) that we have found are, up to the usual factors of π, etc.
rational numbers. In other words, they are not the first terms in the Taylor expansion of a Γ function or similar transcendental functions. What would be the appropriate amplitude replacing Veneziano formula then when the proper symmetries of the QCD vacuum are considered such as in the present case? We do not know.
All things considered, we believe that the objectives we set in the introduction have been achieved.
We have obtained the leading effective action for low energy QCD from two very simple requirements: chiral invariance and conformal symmetry and two simple ideas: perturbing about the true vacuum of QCD and using the simplest possible effective world-sheet action. The approach seems to be oversimplified, but has proven to be considerably robust. All cross checks and physical requirements are met. The outcome is very sensible from a phenomenological point of view. Perhaps more importantly, several interesting avenues are open for future exploration and a fully consistent approach may be developed. We also hope that the considerations presented in this work may be of use to the ample string community since some of the techniques we have employed appear to be relevant in a wider context.
Appendix A
To construct the most general reparameterization-and chirally invariant action on the boundary of the string one can use the following set of operators bilinear in fermion variables and of the minimal dimension onē
Other vertices likeψ LU ψ R can be decomposed in a linear combination of basic vertices (47) after integration by parts in the action S b = dτ L f . The multi-fermion local interaction is suppressed in the leading large N approximation as we assume that all meson degrees of freedom relevant in this limit are reproduced by the hadronic string. Then a multi-fermion interaction may effectively arise only due to heavy-mass reduction of glueballs, hybrids and multiquark mesons suppressed in the large N limit.
As the case of CP symmetric action is of the most importance to provide the conformal symmetry we restrict ourselves with the analysis of this action only. Thus the general CP invariant hermitean
Lagrangian takes the form:
where the constant b is complex whereas the constants c, d are real. As compared to the minimal Lagrangian (5) the general L f contains three more real parameters, Im(b), c, d. Now let us show that by the local rotation of fermion variables preserving their chiral structure,
one can eliminate the redundant vertices and reduce the Lagrangian (5) to the minimal form. In order to prove it we transform the minimal Lagrangian (5) 
The first two constraints relate some phases,
whereas the third one eliminates one of the moduli of |α j | and |β j |. Three remaining moduli and the relative phase φ 1 − φ 2 turn out to be sufficient to fit three real constants Im(b), c, d,
Evidently this system of equations has solutions for arbitrary Im(b), c, d and therefore the minimal Lagrangian can be always obtained by an equivalence transformation (49) of fermion fields. At the quantum level this local transformation does not yield a nontrivial Jacobian when one applies the dimensional regularization to calculate it.
Appendix B
In this and the following appendixes we present the results of our perturbative calculation. When necessary, both finite and divergent parts are given. Diagrams are labeled according to the figure number.
Diagram 1.a:
Diagram 1.b:
Appendix C
In this appendix we show the result of the one-loop calculation of the vertex with two fermions and one boson line. The divergences that appear are not fully eliminated by a redefinition of U and additional counterterms with higher derivatives are called for.
Diagram 2.a:
Diagram 2.b:
Diagram 2.c:
Appendix D
This appendix has to do with the fermion determinant and the vanishing scale anomaly discussed in the main body of the paper.
There are two mutually conjugated operators in the bilinear form of the Lagrangian (5):
Therefore the total fermion determinant (the result of integration over fermions) or fermion loop contribution can be represented by
where we have restricted ourselves with unitary fields U . Now one can factorize out the infinite constant for free operators and find the nontrivial part in terms of fermion propagators:
Herein the triangle property of the free fermion propagator has been exploited,
which follows from the advanced Green function prescription by adding +iǫ. As a result, only the first order in the expansion of the logarithms in (62) survives when the functional trace operation is performed. The value θ(0) = 1/2 and the CP invariant choice z = −z * are employed. More rigorously this result can be obtained by taking the finite proper-time interval with antiperiodic boundary conditions for fermion fields. Then the determinant will be given by the product of discrete eigenvalues of the operators (60). When proceeding to the infinite line limit and for the advanced prescription with +iǫ one recovers exactly the functional presented in the last line of (62).
Evidently, for SU (N ) groups and for U (1) groups with periodic boundary conditions the exponent in (62) vanishes and therefore the fermion loop contribution from the minimal Lagrangian is absent.
It automatically eliminates the scale anomaly ∼ L f vac and thereby the conformal symmetry remains intact by vacuum polarization effects.
For the extended Lagrangian including the higher dimensional vertices (28) the derivation of the fermion determinant is similar. The corresponding differential operators look as follows:
Again only the first order in the expansion of the logarithmic trace is not vanishing:
The vertices proportional g 1 do not appear after tracing. Let us take the CP symmetric constants z = −z * . The vertices with the coupling constant g 3 happen to be proportional to z + z * and therefore vanish. As to the g 2 terms they form a total time derivative in the CP invariant case,
the latter taking place for periodic boundary conditions.
Thus, in spite of the fact that the higher dimensional vertices bring a scale dependence into the Lagrangian (the constants g j are dimensionful), they do not generate a scale anomaly due to fermion loops iff the CP symmetry is imposed on the Lagrangian.
Appendix E
Here we list the contribution from the additional counterterms (26) to the fermion propagator.
Diagrams 3:
When retaining only the terms ∼ ∆ 2 (0) one reproduces exactly 2d II
Appendix F
Here we list the diagrams that are relevant to the calculation of the one-loop vertex involving two fermions and two boson lines. 
Diagram 4.e:
Its divergent and finite parts are 
All divergences are removed by combining the renormalization of U and the additional counterterms determined from the one loop vertex with one external boson lines. No new counterterms are required.
Appendix G
Two loop diagrams for the fermion propagator. Only the divergent parts are needed.
Diagram 5.a:
Its contribution is fully divergent, 
Diagram 5.g:
Its divergent and finite parts are
Diagram 5.h:
Its divergent and finite parts are 1 32 θ(A − B) ∆ 2 (0)(3 + z 2 )(7 + z 2 ) + 2(1 − z 2 )(3 + z 2 )∆(A, B)∆(0) 
The first integral is assembled into a nonsingular expression. The second integral is prepared to have a weaker singularity than ∆ 2 (0) and it reveals a singularity of ∆(0)-type.
